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entories" Loud
et

I TheTsiretsan problem (Sketch).
- I

-Multipanty
Ball inequalition.

=

e Isimson boudess.

Firstwe look atthe CHSH scenario and

refamulete it here in matrix(on eperator (

language.

Recell Alice and Bob make measurements of

te observable A, As, is, is where

A
=(H1((() +(11k1> <11

A=xx1)') +(1)c1)(1)
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B
=(+1)(B)(B) +(- 1/p1)(P-)

B=xx()</1 +(x)1<P_1.

Itis easy (exavire) tosee thatfor any

15) =218 10) +sin 811);11) =singlo) -cost(1)

we have

accul - IN (r) =(
COS 27 sinzz

Csinzy - 3528

=(2528) 02 + (sm28)Ox

=(S,22, 0,20128).I
(0x,8y, z) =8.

So measuring this observable means measuring

me "spin"in the direction (Sin28, 0,60828)-

Possible results of the meas one Is correpanding

to state IV) and 101).
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We also introduce the "Bell operator"

B=A*B - Ax' +'oB + A* B'

which is have a 4xy matrix acting on DR?

The correlation efficientintroduced in the Bell

experiementis ms 3415314).We

have seen Matfa 14) =144 =

if (100)
+(11)

and the rightchoice ofC, B, C' B'

Iso ofA, B, A, is' me fet

<4153143 =22. te
?* possible value theanswer is

Yes. We reformulate this question slightly and

pare that this is the max pessible vole in &M.



4.

Let A, B, A, is' be 2x2
-

-thesansmatrice action on IV (faAi

and a capy ofD (fa B, i3') such that

(1 A
l
=Al

=1 =(!i) i
=B

=x =(!i).

LetI =mex <4/53/4).
tenson

14), A is, As is

such that(A, hald

Then we have Transa = 2.

of.

We firstobserve tat by Cauchy-Swan:

<4 1531432 114 11 21155 411
-I e

=>3415324)
So we study the operaton 55



5.

Using AlA=Ac B=isame

can show by pure ofgebre et

B
=47x7 - [A,A'7[ B, B']

when [M, N) =

MNO-Ni is called the

camkter"

Now, By" is a humition matix so we have

that 34153"4) 3 (33 "(
mex

-

the maximal eigennelle of 53?

his is also a nam IIS32op.

isy te triangle imequality for a man

1155 "lop - 4 +MCA, A'] *[B, is'7lm.

=4 +1 A, ATHopIICE, is']Ilop

*4 +(1) AA'll +HAAll) (DBB'IIABIA
* 4 +4 HANIIA'll DBIB'Il.
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All mams lAly...are equal to Inox (A)...
-

1 1.

=41153"lop - 4 +3 =8.

=>(41532143-38

=>(41531432 -
8
-//)-2E

finally this maximal value is attained for

142:24+) and a special choice ofA. A! B, B

(withrightangle C,C, ?, $'L.

e
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Remank: the Tsivelson identity
-

-

Es=4704 - [A,A'7e [B, B']

is very sufgetine. Firstit "shows"ret in

a "classical" (i.e man quantum) seting where the

offebre ofobservable is a commuting ofgebire

we would have [A, As =0 andla (is, B' =0

so tet => Let which implies

Le 14153143/32. (by Cauchy-
Schwarz
again (

Thus to violate the Bell-ASH inequ we need

non-commutative af gebines ofobservable.
#

As we will also ses laten this kind of"identitie,"

allow to guen generalized et inequalition
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Eson'sproblem

Letus new tum be "Tsielsan's problem d

The computation ofTransa is an optimizatio

proster. We can conside a stightly mare generat

problem where De K is replaced by Ned

Iso in local tutbutspace of Alia and Bah is (4(

with d2. The matrian A, A, B, is '

are dxd :they shill sahisfs the elgebrais
--
-

can deLian A"EA*=Ldxd, BEB=Edxd

and one hue;bian.

Tresald =max 34153 14)
143

As A, B, is

with S =A*B-A*B'+AaB +A'e i'
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Tsivelson the proceeded to define a variation

of his optimization problem asfollows. Let

d
H =¢ me Hitbal-spec of Alia & Bab

lof comme isomaphic ba DKd es lang as d<0)

and consider the alsebre ofhomition

A matrice A, A, B, is 'such that

2

I
A =A
l
=i=B =fdxd"

[A, B3] =[A', '] =0.

T Max (4) Ai - AB'+AB +Ais/4)
Commite

14)

AA! 3, 13'

Theoram I as longas d is finite, we have
--

-

Transa -Tamute.
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Of comme we have thatin the first formulate

with A& is dxd mahica fect forme others)

AxB
=(A*1) (1* B(

and [A*1, 4*B] =0.

So it should be clear matte second optimization

problem maximizes over a potentials langer space

of matrice so that Transa i Trammula.

In finite dimensions it runs out thatthe

A& is
e

space ofcommuting d'd" metrion will

[Ax13] =0 is "isomaphic"to A*L, A*
<fu dxd mchria her).

and Manfre

eneinenenbas
e

are
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sproblemPrave on dispose mat

this is also the case for d=+0. Of

course we have noteven defined the problem

precisely for infinite dimensional space as

we should define infinite dimensional Hilbert

space, hein tenso products in infinite dimensions,

alebres of obfeiveben in infinite dimensions ect...

The Tsirelson problem has been solved in
the negative

recently (so TI To ininfinite dimensies)

and it has turned outthatthe math is deeply

related to other famau conjecture inoperator ofjeties

and computer science. There bridgen between different

conjecture in differentfield where quite unexpected.

↳.Fetethwandasonanneen
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netinantsBodinquedese re
inequalition mouadays. The subjecthas expanded

considerably and it has huned outtetthe various

manifestation ofextanglementfor multiventy systems

is far from understood and incredibly rich,

theseinequalities can be generalized
in

various directions. Fa example une may aside

en partie (Adic, Bah, chantie, ...) ateach

can measure observable in i settings (Alia has

A. A, A".... Bab has is, is' is,... Charlie has

C, C,c", ...) and also the dimension ofthe

local Hilbetspace can be dL, 2.

For the usual CHSH we have m
=2, m =2, d=2

-
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and we speak about a BIC2, 2, 21. In

mare general situations as ducribed above we speak

of aBI (m, m, d). Of come we can

imagine even mars general situations.

Here we will tak same inspiration from

the method ofproof ofTsivelson fa Transal" 22)
= 2k

to encore new Bell inequalities a

We only discurs her BI(3,2,2) but

it will some how be clear that the discution

generalize to BICM, 2,2). 4Often there

an also called Merin incqualities on BEC3,32)

is equivalentto a proporal of D. Menin).



In

Infamel discursion.
e

We have m= 3 so Alia, Boh, Charlie

33 pantia). Each has te persible emeasurement

rettings (adevice described by observable

A, A, is, is', C, a which are

all humitian wxa ectrice. We assume

AA7zx, BEBtaxesctaxi

Taking inspiration from te CHSH cave me

construct an gavatar I such thet(analogof (3):

e=4 ex- [[A,A'* [B, i'Je
+ [A,A'je 1e[C,C]

+1e (B, B3e(,C']].
The operchen (melix) I is he"square-rect" and
will be firen later.
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Fa "classical"observable thatwould commente

we would have [A,7'=[i, B'T =[C, c') =0

so 2=47* 7e7 and musi

1 Censcial/*2.

This is a Bell-type inequality. Canalog of151-2)

For the quantum care where observable de not

commute [given her by 2x2 etrie) since

A=1 (iden fr te rect) their eifennelues

are I 1 (just asfr CHSH). Therefore we

See Rat:

112 "lop - 4 +(2x2 +2 xn +2xn)

=16. (similer bouch as fa

=(4/21431 - 441243416
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2014 12/4)114.

Thenwe expect amaximal violation ofthe

Bell inequalty" (Cail=4 if we

can findapproprice(4) & A, B, 9
A', B! C

One can check that the I thatleads to

Le 22 above on pages) is simply:

-DC+A*Baee'
and the142 kat gie maxviolation for appropriete

choice of augh C, P,8, a', i', O'Ca observable)

:,

2=(1000) +11113).
The Greenbenga-Hän-Zeilingen state which gewalize

TheR pach on Ball state.
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In other mac

me <41214) =4.
14? e De↳maA, s, " SFte ↑
A!!c Tsinelsanhound

Inconclusion Getustust say etthis anstruction
can be generalized t any m:

EtryRatio R

142 =1100) + 11....1).
E -

m-fold Censa product


